Ricochet of a tungsten heavy alloy long-rod projectile from oblique steel plates with a finite thickness was investigated numerically using a full three-dimensional explicit finite element method. Three distinctive regimes resulting from oblique impact depending on the obliquity, namely simple ricochet, critical ricochet and target perforation, were investigated in detail. Critical ricochet angles were calculated for various impact velocities and strengths of the target plates. It was predicted that critical ricochet angle increases with decreasing impact velocities and that higher ricochet angles were expected if higher strength target materials are employed. Numerical predictions were compared with existing two-dimensional analytical models. Experiments were also carried out and the results supported the predictions of the numerical analysis.
Introduction
It is well known that a projectile impacting on a suitably inclined surface can bounce back from the surface or partially penetrate it (without perforating it and being stopped by it) along a curved trajectory on the impacted surface with a reduced velocity [1] . This phenomenon, known as ricochet, is controlled by such factors as properties of the materials constituting the projectiles and the impacted surfaces, impact velocity of the projectiles, and relative obliquity of the surfaces with respect to the impact path of the projectiles, etc [1] . Exploitation of ricochet to implement mass efficient means of armour protection is common in many military applications [2] . Despite numerous researches on ricochet of various types of projectiles from various types of surfaces [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] , critical conditions for the ricochet of long-rod type projectiles has not been completely established yet.
On the extension of the series of investigations on the impact of long-rods on targets [14] [15] [16] , Tate first described ricochet using a simplified two-dimensional hydrodynamic model [6] . For the geometry shown in figure 1 , it was predicted that ricochet of a projectile with a square cross section would 1 Author to whom correspondence should be addressed. . Basic geometry used for simple two-dimensional analysis for ricochet of long-rod type projectiles by Tate [6] and Rosenberg et al [7] .
occur if
where θ is the oblique angle, ρ p and ρ t are densities of the projectile and the target, respectively, v is the impact velocity, Y p is the dynamic strength of the projectile and L and D are the length and diameter of the projectile, respectively. It is predicted from this expression that the higher projectile density, impact velocity and L/D ratio and lower rod strength will result in a lower ricochet angle. However, in the derivation of equation (1), it was assumed that the projectile is a rigid body and that ricochet occurs due to the rotation of the projectile around its mass centre caused by the asymmetric reaction force exerted on its front from the impacted surface. These assumptions do not properly reflect physical phenomena predicted and observed in real systems, where the projectile bends on impact and then a plastic hinge forms, which travels backward with the progress of the projectile [1] . Further, equation (1) does not contain parameters representing geometry and mechanical properties of the target plate, which are believed to have some effects on the ricochet behaviour.
Rosenberg et al [7] supplemented some of these shortcomings by further including the effect of target strength and bending of the projectile. The ricochet condition suggested by them is (see figure 1 for the geometry)
where R t is the dynamic yield strength of the target and u is the penetration velocity which is expressed as [6] 
Though the theoretical model developed by Rosenberg et al includes the strength and density of both the target plate and the projectile, the L/D ratio of the projectile and thickness of the target plate are excluded. Comparison with experimental results showed that equation (2) formed a certain boundary between ricochet and penetration in terms of the ricochet angle expressed as a function of impact velocity, implying that the two-dimensional model could provide qualitative information regarding the ricochet condition. However, recent numerical analysis by Zukas and Gaskill [9] , in which difference in two-dimensional and three-dimensional calculations on the ricochet of a square projectile with L/D = 2 were compared, suggested that two-dimensional plane strain analysis overestimates the critical ricochet angles and therefore should not be used for design purposes. Further development of the analytical model for a full three-dimensional geometry seems to be a formidable task due to the complexity of the physics involved in the ricochet, which includes large-scale high-strain-rate elastoplastic deformation of the projectile and the target plate together with the erosion of both occurring in a very short period of time [1] . Thus, alternative approaches, use of experimental and numerical methods, have been used for more precise description of physical phenomena regarding ricochet by many researchers. Through a series of experiments on ricochet of long-rod projectiles made of modelling clay from a thick (undeformable) target, Johnson et al [10, 11] observed the formation of an asymmetric elliptical crater on the target surface due to oblique impact of the projectile. Elongation and subsequent fragmentation of the projectile were also observed to occur after ricochet. Reid et al [12] carried out experiments on the deformation behaviour of mild steel and aluminium long-rod projectiles striking at an undeformable oblique target and observed that the deformation of the projectiles consisted of impact end mushrooming and projectile buckling followed by its bending which terminated in a plastic hinge beyond which the projectile was not deformed.
In a numerical work on the ricochet of an annealed steel long-rod impacting on an oblique rolled homogenized armour (RHA) plate, Senf et al [8] predicted that the projectile bends on impacting the target plate and forms a plastic hinge which moves backward while its tip slides along the target surface. This prediction was supported by experimental observations. Bending of the projectile was also predicted from a numerical work of Jonas and Zukas [13] , in which it was also reported that a two-dimensional model underestimated the projectile bending. However, these experimental and numerical works were mainly concerned with ricochet phenomenology from the viewpoint of the projectile behaviour rather than critical ricochet condition such as ricochet angles.
Some existing work on oblique impact [17] [18] [19] [20] [21] [22] [23] or near normal impact of the yawed projectiles [24] [25] [26] [27] [28] [29] [30] [31] should also be noted. Although some useful information about the behaviour of the projectile and target during high-velocity impact can be obtained from these studies, they are focused more on the penetration and perforation process rather than the ricochet phenomena and, in particular, critical ricochet conditions. Especially, little attention has been paid to the problem of the ricochet of a tungsten heavy alloy (WHA) long-rod projectile, impacting at typical ordnance velocities, from a deformable RHA plate with finite thickness, the dimension of which is comparable to the diameter of the long-rod projectile, whilst this subject is of particular interest from the practical viewpoint. Thus, in the current study, ricochet phenomenology as well as the critical ricochet condition was numerically investigated for a real situation where a long-rod projectile impacts on oblique RHA and S-7 tool steel plates at various ordnance velocities. Experiments were also carried out to verify the numerical results.
Numerical analysis
A full three-dimensional explicit finite element analysis with Lagrangian formulation based on the principle of virtual work and the central difference time integration scheme [32, 33] was carried out to investigate the ricochet problem. Since theoretical and mathematical foundations for the explicit finite element analysis are well established [32, 33] and are widely adopted to solve the problem of high-strain-rate deformations [34] , the lengthy derivation of the equations for the numerical analysis is not repeated here. A general-purpose explicit finite element analysis package MSC/DYTRAN 2 was used for the numerical calculations. Figure 2 shows a typical finite element model used in the numerical analysis. The model consists of a rectangular oblique target plate and a cylindrically shaped projectile that is initially located 1 mm away from the target. Only half of the whole geometry was modelled due to the inherent symmetry of the model along the x-direction of the coordinate as shown in figure 2 . The length and diameter of the projectiles chosen for the numerical analysis were 75 and 7 mm, respectively, giving an L/D ratio of 10.7. Impact velocities of the projectiles were varied from 1000 to 2000 m s −1 with an increment of 250 m s −1 . Target plates modelled are 150 mm long, 40 mm wide and 6.25 mm thick. Obliquity of the plates was varied from 3˚to 25˚with intervals of 1˚. Typical eight-node linear brick elements with reduced integration were used for meshing as shown in figure 2 . Material properties were applied to the model by assigning appropriate material properties to the predefined projectile and target element sets, i.e. properties of WHA to the projectile element set and properties of the two types of high hardness steel, namely, RHA class 4 [35] and S-7 tool steel [36] , to the target element set.
In order to model a high-strain-rate mechanical response of the projectile and the target materials, a commonly used constitutive equation, the Johnson-Cook equation [36] , was used as it is known to describe high-velocity mechanical response of a number of metals fairly well [37] . This has the form
where σ 0 is the static yield strength, ε p the effective plastic strain,ε the effective strain rate,ε 0 the reference strain rate, T the temperature, T r the room temperature, T m the melting temperature and B, C, m and n are material constants. For the materials used in this study, these parameters were determined from separate experiments (for RHA and WHA) or taken from Johnson and Cook (for S-7 tool steel) [36] and are shown in table 1 together with the basic physical properties required for the calculations. The interaction between the projectile and the plate was simulated by a Lagrangian-Lagrangian contact algorithm based on a slave-grid/master segment concept. This algorithm checks eventual penetration of slave-grids through master segments and applies constant forces to push them back. Erosion of the projectile and the target was simulated through a so-called adaptive contact algorithm [38] , which automatically updates contact definition between the interacting deformable bodies upon elimination of the elements when pre-set level of plastic strains, determined by a separate depth of penetration (DOP) calibration, are reached.
Experimental
Experiments were carried out to verify the numerical results. The experimental set-up shown in figure 3 consists of three witness blocks (38 mm thick RHA class 4), an oblique target plate (6.25 mm thick RHA class 4), a velocity-measuring device and a solid propellant gun. WHA projectiles with L/D ratios of 10.7 (L = 75 and D = 7 mm) were impacted at velocities of about 1000 and 1500 m s −1 . The velocities of the projectiles were controlled by adjusting the amount of solid propellant charge. The relations between the amount of the charge and the projectile velocities were calibrated in a preparatory experiment.
Results and discussion

Post-impact behaviour of the projectile and the target plate
Numerical results are graphically shown in figures 4-6 in terms of the mesh deformation with the lapse of time to analyse the behaviour of the WHA projectile and the RHA target with thickness comparable to the projectile diameter during the oblique impact. When the projectile impact velocity is 1000 m s −1 and the target oblique angle is 10˚, as in the case shown in figure 4 , the projectile initially bends on impact ( figure 4(a) ). Subsequently, a plastic hinge is formed which remains at the initial point of impact with respect to a fixed coordinate system (Eulerian) resulting in its relative backward motion along the x-direction of the coordinate system (figure 2) as the projectile progresses forward (figures 4(b)-(d)). In the case being considered (θ = 10˚), where the oblique angle is lower than the critical ricochet angle, the target does not deform much and no significant erosion of the impacted surface is noticed whilst the front end (denoted as head hereinafter) of the projectile lifts from the target surface after sliding some distance and eventually the projectile bounces away (figures 4(e)-(h)). Such behaviour is yielded due to the asymmetric reaction force exerted from the contact area to the projectile, which is reportedly proportional to the area of the contact, target strength and oblique angle [6, 7, 12] .
When the oblique angle of the target plate is increased to 12˚whilst keeping the impact velocity the same, the projectile shows somewhat different behaviour. As shown in figures 5(a)-(d), it initially pushes the impacted area of the target inward following impact since the target plate is allowed to deform (bend). Whilst the head of the projectile tends to bounce back from the target due to the reaction force exerted from the contact area at the initial stage of the impact, its trailing portion (denoted as tail hereinafter) tends to penetrate into the target along an almost identical trajectory of the initial impact (figure 5(e)). Consequently, the front part ahead of the plastic hinge, which was bent and slid on the plate surface, bounces away whilst the rear part behind it penetrates into the deformed target forming a stretched section in the projectile and an impact crater in the target (figures 5(f ) and (g)). Indeed, the relatively thin deformable target plays a significant role in yielding such phenomena. At the critical oblique angle, the tail also bounces away at a later time step before it completely perforates the target achieving critical ricochet ( figure 5(h) ). At this stage the elongation of the projectile becomes so severe that it results in the fragmentation of the projectile.
In the case where the oblique angle is further increased to 14˚beyond the critical angle, as can be seen in figures 6(a)-(d) , the initial behaviour of the projectile and the target is similar to the case of critical ricochet shown in figures 5(a)-(d). However, unlike in the previous case, the tail part further progresses to penetrate into the target downward by eroding it (figures 6(e) and (f )), resulting in the fragmentation of the projectile due to extreme elongation as well as complete penetration (perforation) of the target as shown in figures 6(g) and (h).
Understanding the physical nature of the above behaviour of the projectile and the target can be supplemented by analysing the changes in the projectile velocities after impact, as has also been performed for normal penetration in the literature [39] [40] [41] . For this purpose, post-impact changes in the horizontal (along the x-direction) and vertical (along the y-direction) velocities of head and tail of the projectile have been monitored during the numerical calculations and the results are plotted in figure 7 . Before impact, the head and the tail move at the same initial velocity of 1000 m s −1 and there is no vertical velocity term. For the case with relatively low oblique angle, e.g. θ = 10˚, as shown in figures 7(a) and (b), the horizontal velocities of the head and the tail of the projectile after impact are kept almost identical, implying no significant axial strain, which prevents the projectile segmentation. It can also be seen that the horizontal velocities did not decrease noticeably. From this, it is inferred that the projectile does not encounter any significant resistance to its motion along the flight trajectory and that the impact interaction of the projectile with the target does not cause any large-scale deformation of the target.
Whilst there were only slight changes in the horizontal velocities, vertical velocities of the head and the tail undergo noticeable changes during the impact process. As can be seen in figure 7(a) , the vertical velocity of the head initially increases to about 260 m s −1 and remains almost the same thereafter, which would be associated with sliding on the target surface and subsequent takeoff of the head shown in figure 4 . On the other hand, the vertical velocity of the tail is almost 0 until about 70 µs and then increases to about 320 m s −1 at 100 µs. This indicates that the impact of the head on the target does not cause any yawing force in the rear part of the projectile which is beyond the plastic hinge mentioned above. Near-constant vertical tail velocity of 250 m s −1 after about 120 µs would indicate the takeoff of the tail as shown in figures 4(f )-(h).
However, where critical ricochet was achieved (θ = 12f or the case considered herein), as shown in figure 7(c) , the decrease in the horizontal velocity of the head with respect to time is more pronounced than in the previous case, indicating that the progress of the head is hindered more. In particular, as shown in figure 7(d) , the horizontal velocity of the tail decreases to almost 0 from about 140 µs, producing a velocity difference between the head and the tail of about 800 m s −1 . Such a large velocity difference may cause large-scale deformation and therefore it would explain the stretching of the projectile shown in figure 5(g) followed by the segmentation of the projectile shown in figure 5(h) . At the same time, a sudden drop in the horizontal velocity of the tail between 100 and 150 µs is believed to be related to the target cratering shown in figures 5(f ) and (g), which could exert a high resistance to the advance of the tail. When critical ricochet is achieved, even though the impact crater is formed on the target, this does not lead to target perforation. This can be explained from the changes in the vertical velocities of the head and the tail shown in figures 7(c) and (d), where it can be seen that the head and the tail sequentially acquire positive, vertical velocity components. They begin to take off from the target plate at about 0 and 150 µs, respectively, indicating no further penetration of the target.
A similar trend is obtained when the target oblique angle is further increased, e.g. θ = 14˚, as shown in figures 7(e) and (f ) whilst two apparent differences are noticed. First, the horizontal velocity of the head, once it is decreased to about 700 m s −1 at about 120 µs, remains nearly constant implying that the flight of the head portion is no longer hindered by the target thereafter, probably due to the earlier segmentation of the projectile. In the previous case shown in figure 7(c), the head portion was connected to the tail portion through the elongated portion until the later time step so that the tail, still staying in the impact crater in the target, delayed the propagation of the head, which is represented as continuously decreasing velocity. Second, the behaviour of the tail after segmentation is completely different: the vertical velocity of the tail decreases to a negative value of about −300 m s −1 from about 160 µs, which is then maintained almost constant after about 180 µs. This indicates that the fragmented tail is heading downward, which would be responsible for the perforation of the target shown in figure 6 (h).
The ricochet behaviour illustrated in figures 4-6 are also supported by the experimentation carried out herein. Figure 8 shows the shape of the target plate and the witness block after the ricochet experiments. In this figure, the deformed shape of the plate is apparent with an asymmetric elliptical perforation hole. Occurrence of ricochet can be judged by observing deformed and eroded surfaces of the target plate and penetration holes in the witness block. When a projectile impacted the target plate having oblique angles lower than some critical value, as can be seen in figures 8(a) and (c), the ricochet process resulted in a long surface groove in the target plate formed by erosion, and in a single penetration crater on the witness block. At an oblique angle slightly higher than the critical value, however, the projectile broke into two parts, resulting in a characteristic phenomenology in the target plate and the witness block shown in figures 8(b) and (d): there is an apparent groove (crater) followed by a single perforation hole in the target resulting from initial erosion and a subsequent penetration whilst two penetration holes are noticeable in the witness block, one over and the other below the white line in figures 8(b) and (d) where the edge of the target was located.
The post-impact behaviour of the deformable projectile and the deformable target with finite thickness described so far in general agrees qualitatively with what has been observed and predicted in the previous works in which ricochet occurred at undeformable (and sometimes rigid) target surfaces [6] [7] [8] [9] [10] [11] [12] . However, as apparent in figures 4-6, the inward deformation of the target plate due to the finite thickness comparable to the projectile diameter is shown to assist the segmentation of the projectile, followed by the perforation of the target plate by the broken rear part of the projectile. Such phenomena could be responsible for the difficulty of obtaining ricochet from relatively thin plates.
Critical ricochet angles
In accordance with the definition of ricochet mentioned in the introduction, changes in the critical ricochet angles were derived by analysing the numerical results graphically in the manner described in section 4.1 and were plotted as functions of impact velocities in figure 9 for the RHA target plate. The ricochet angle curves shown in figure 9 were obtained from curve-fitting the numerical results as a first-order exponential decay function. The fitted equations, their parameter values, and the statistical analysis of the fitted results are also reported in the figure. The numerical results are confirmed with experimental results as shown in figure 9 . In figure 9 , the hollow square markers indicate perforation of the RHA target plate by the long-rod projectile whilst the solid square markers indicate critical ricochet of the projectile. It can be seen that there is good agreement between the two.
It is noticed in figure 9 that the critical ricochet angle falls with increasing impact velocities. In other words, at a low target oblique angle, the ricochet can be achieved up to relatively high impact velocities though the penetration capability in flight direction is high at such velocities, i.e. ricochet is easily achieved with a low oblique angle. On the other hand, when the target oblique angle is high, the ricochet is possible only up to a limited impact velocity beyond which full penetration (perforation) occurs.
Such a trend-increasing ricochet angles with lower impact velocities-can be understood from the pressure (or axial stress) developed at the projectile-target interface, known as Tate pressure, which takes the form of a modified Bernoulli equation as [14, 15, 41] :
As a rough approximation, if it is assumed that no penetration of the target occurs unless the impact velocity v exceeds a certain critical value, the penetration velocity u will be zero when a projectile impacts at critical velocity. Hence, by substituting u with 0, the critical velocity, v cn , for normal impact is now obtained from equation (5) as [6] 
where v cn is the constant which consists of the material constants for the two materials. When the target is inclined with oblique angle θ as shown in figure 1 , by analogy, it can be assumed that ricochet would occur if the normal component of the projectile velocity, v sin θ , does not exceed a certain constant value, K, similar to the right-hand side in equation (6) . Then, critical impact velocity for ricochet, v co sin θ , for oblique impact can be expressed as
Such a simple conceptual relation qualitatively explains why a higher oblique angle is allowed for ricochet at a lower impact velocity. However, since the ricochet is a much more complicated, three-dimensional phenomenon, the actual dependence of ricochet angle on the impact velocity shown in figure 9 is somewhat more pronounced than in this simple qualitative model. The numerical results on the critical ricochet angles are also compared with existing two-dimensional analytical models developed by Tate [6] and Rosenberg et al [7] , independently. The critical ricochet angles based on these models have been calculated for a WHA long-rod projectile and a RHA target as functions of impact velocities in figure 10 . Comparison of the numerically determined critical ricochet angles for various velocities with those predicted from two-dimensional analytic models of Tate [6] and Rosenberg et al [7] . the numerical results and therefore their analytical model can be used as a practically useful guideline to estimate ricochet angles if used with care.
Effects of the target strength
Whilst the RHA has been widely used as a primary armour material over decades, in some cases, stronger material such as high hardness armour (HHA) has also been adopted, though its use is limited due to lower toughness. To investigate the effect of material strength on the ricochet angle, material constant terms in the Johnson-Cook model for S-7 tool steel, which has static yield strength and hardness similar to HHA produced by ThyssenKrupp AG, were taken from the literature [36] and applied to the numerical model. The ricochet angles calculated for S-7 tool steel were plotted as a function of the impact velocity in figure 11 . Numerical results have been curve-fitted using first-order exponential decay function as in the case of RHA. It can be seen that a higher ricochet angle is predicted for a given impact velocity if the target strength is increased. Such behaviour is explained by examining the one-dimensional hydrodynamic penetration model described in equation (5) .
Resistance of an oblique target material to penetration in the vertical direction, i.e. the constant K in equation (7), consists of contributions from the inertia term (function of penetration velocity and density of target medium) and the material strength term 3 . Taking the inertia terms for RHA and S-7 tool steel to be the same due to the similar densities of these materials, it is expected that the only difference in the penetration resistance in the vertical direction will result from the material strength term. It was reported that the dynamic yield strengths, R t , of S-7 tool steel and RHA are about 6.2 and 5.3 GPa, respectively [42] . Thus, at a given impact velocity, use of the high hardness plate, S-7 tool steel, would foster the ricochet of the projectile, i.e. the target plate can tolerate more vertical component of the projectile movement. This implies that the target plate with higher strength allows a higher oblique angle for the ricochet of the projectile at a given velocity.
It is further noticed in figure 11 that there is a salient increase in the ricochet angle especially at low impact velocities as the material strength increases whilst improvement in ricochet capability through the use of stronger materials gradually decreases at higher velocities. Such a trend is qualitatively predicted when the constant in equation (7), which is related to the dynamic strength of the target material, is changed to a higher one for the S-7 tool steel.
Summary and conclusions
Ricochet of a WHA long-rod projectile impacting on oblique, steel target plates with finite thickness was investigated numerically using a full, three-dimensional, explicit finite element method with supplementary experiments. Effects of the impact velocities of the projectiles and the hardness of the plates on the critical ricochet angle were considered.
It was predicted in the numerical analysis that the projectile and the target behave in three different ways depending on the oblique angle of the target. For a relatively low oblique angle, the impacted projectile bent and slid on the target surface to bounce away with very little velocity drop whilst no significant deformation of the target was predicted. With increasing oblique angle, the projectile initially bent on impact but the target deformed substantially to arrest the tail portion of the target behind the plastic hinge. This resulted in the projectile stretching between the head and the tail, which pulled the tail out of the target to achieve critical ricochet. Segmentation of the projectile then followed. When the oblique angle was further increased, the projectile impact caused severe target cratering which played the role of guiding the tail portion of the projectile through the target resulting in perforation. In this case the projectile broke before its head left the target. Such behaviour of the projectiles and the target plates predicted in this numerical study was supported by experimental observations of the deformed shape of the target plates and the penetration holes on the witness blocks. The post-impact behaviour of the deformable projectile and deformable target with finite thickness in this work in general agreed qualitatively with previous work based on undeformable (and rigid) target surfaces. However, the deformable target assisted the breakage of the projectile followed by the perforation of the plate by the broken rear part of the projectile.
Critical ricochet angles were also derived from the numerical analysis. For the cases considered herein, the numerical study predicted that the critical oblique angle of the target plates required for ricochet of long-rod type projectiles rises with lower projectile velocity and the prediction was shown to be reliable by experimental results. This trend itself is consistent with a two-dimensional analytical model whilst it was suggested that the two-dimensional results are an overestimation, which is qualitatively consistent with the results of Zukas and Gaskill [9] . When the target hardness was considered, the numerical results predicted that a higher ricochet angle can be obtained by employing harder target materials for a given impact velocity, which was appreciable at lower velocities in particular.
